
Correlation related calculations 

 

Inverted estimated value of sample correlation coefficient 

The sample correlation coefficient r associated with the two-sided k zero p-value, when rejecting a null 

correlation of 𝜌0, is obtained by using the approximate normality for large sample sizes (𝑛 >=25) of the statistic 

below (see Raymond H Myers, Classical and Modern Regression with Applications, Duxbury Press). 
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Then to reject a null correlation of zero we would compute the Wald Statistic  
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Using 𝑍 = 𝜑−1[1 − 0.5 ∗ 10^(−𝑘 − 1)], with 𝜑−1 being the inverse of the cumulative distribution function of 

the standard normal, k = 5 and  𝑛 =50 we get a correlation coefficient r = 0.613 in the example in the webpage.  

Estimating individual discordance with aggregated sample correlation coefficient 

The estimated discordance rate in individuals can be estimated for a given correlation coefficient by using a 

probability calculator for the bivariate normal at http://socr.umich.edu/HTML5/BivariateNormal/. For two 

variables X and Y with means 𝜇𝑋 and 𝜇𝑌 the discordant probability for a positive correlation is given by the sum 

of the probabilities  

𝑃𝑟𝑜𝑏[(−∞ < 𝑋 < 𝜇𝑋) 𝑎𝑛𝑑 (𝜇𝑌 < 𝑌 < ∞)] + 𝑃𝑟𝑜𝑏[(𝜇𝑋 < 𝑋 < ∞) 𝑎𝑛𝑑 (−∞ < 𝑌 < 𝜇𝑌)] 

The correlation coefficient of these two variables as well as the probability above is invariant under 

translation and scaling of X and Y.  Hence the required estimated discordant probability can be obtained using a 

standard normal marginal (mean zero and variance 1) for X and Y and varying the correlation coefficient. The 

bounds to X and Y need to be entered twice in the calculator at the University of Michigan site for each 

correlation coefficient to get the two probabilities in the expression above. In general, there is no closed form 

expressions to compute probabilities over regions defined through intersections of intervals on two bivariate 

normal variables X and Y. The U MICH site provides a numerical computation. We derive an expression for the 

probability in the limited context of the interval intersections above, and used the U MICH calculator to check 

our result. This analytical result holds for the class of elliptically symmetric distributions, which includes the 

multivariate normal distribution. We had noted, rather loosely, that the result about the discordant probability 

holds for any ‘ellipsoidal’ cloud of data – and for that I must say - aye! Here is the 𝑅𝑼𝑩!   

An elliptical distribution can be constructed as the distribution L given by  

𝐿(𝑾) =  𝐿(𝝁 + 𝑅𝑼𝑩) 

where W and µ are k dimensional row vectors corresponding to the variables and their means, U is a k 

dimensional random row vector from a uniform distribution on a k-dimensional unit sphere, R is some radial 

distribution on [0, ∞) and B is factorization of rank factorization of a matrix of scale parameters 𝜮 [Cambanis, 

Huang and Simon, Journal of Multivariate Analysis. 1981, 11:368-3851]. Different radial measures produce 

http://socr.umich.edu/HTML5/BivariateNormal/


different classes of elliptically symmetric distributions. For the normal distribution the density of the radial 

measure R is given by 

f(r) = [2/SQRT(2π)]*EXP(-0.5*r^2) 

The matrix 𝜮 has an interpretation as a variance-covariance matrix when second order moments exist. If E 

is the matrix containing the eigen vectors of 𝜮 as it columns and D is the diagonal matrix containing the square 

root of the corresponding eigen values, then B = ED. Since the two components of our discordant probabilities 

are defined relative to the means, we can consider the random row vector Z = W - µ with null mean 0. Then Z is 

related to a spherically symmetric distribution S as in Z=SB =SED. The column vectors of B project each elements 

of Z onto the co-ordinates of a transformed metric where the distribution is spherical. The discordant 

probabilities are probabilities over quadrants about 0 in a two-dimensional sub-space defined by two elements 

in the Z metric (or the entire space if k =2). The elements of Z are perpendicular to each other in this metric. 

Reading probabilities is much easier in the transformed metric as it has a characterization through just the 

uniform distribution U on the unit sphere. The radial measure is not relevant in our context as the probabilities 

are over infinite wedges radiating from 0 and the measure integrates out over each ray in the wedge. When we 

project Z onto the transformed metric, the elements of Z have wedges between them in the transformed metric 

which are no longer perpendicular. The angles in radians between two such elements can be found as the 

inverse of the cosine of the ratio of the dot product of the corresponding row vectors of B divided by the 

product of the lengths of these vectors. Probabilities in the quadrants in the bivariate marginal distributions of 

two elements of Z are obtaining by dividing the angle by 2*π (360 degrees).  Probabilities over orthants or other 

wedges in the Z metric can be worked out in similar manners. 

Note that for this translation and scale distribution context, one can get a correlation matrix with 1’s for 

diagonals and the correlations as off diagonal values by subtracting out the vector means and scaling each 

marginal by the marginal scale parameter. This removes all parameters except the correlation coefficient. When 

we pick two elements of Z, say X and Y, having a correlation ρ, then the corresponding correlation matrix has 

eigen values (1+ ρ) and (1 - ρ) correspond to the eigen vectors of [1/√2, 1/√2] and [1/√2, -1/√2]. For 

characterization of equicorrelated and other similar matrices see Jensen and Srinivasan (Linear Algebra and its 

applications. 2004: 388, 249-260) and Srinivasan (Doctoral Dissertation, Virginia Tech, 1995). The matrix B can 

be obtained as 

 𝑩 = 𝑬𝑫 =   [
1/√2 1/√2

1/√2) −1/√2
] ∗ [

√(1 + 𝜌) 0

0 √(1 − 𝜌)
] = [

√0.5 ∗ (1 + 𝜌) √0.5 ∗ (1 − 𝜌)

√0.5 ∗ (1 + 𝜌) −√0.5 ∗ (1 − 𝜌)
] 

Denote as 𝒃1 and 𝒃2 the two vectors of B. Then |𝒃1|= |𝒃2| = 1 and dot product 𝒃1. 𝒃2 = ρ. As the discordant 

probability is computed over two quadrants in the Z metric the total probability is computed as twice the 

fraction of the circle spanned by the angle between two elements 𝒛1 and 𝒛2 as in  

2 ∗ 𝐶𝑂𝑆−1[𝒃1. 𝒃2 (|𝒃1|. |𝒃2|)⁄ ]

2 ∗ 𝜋
=

𝐶𝑂𝑆−1(𝜌)

𝜋
 

Thus, our discordant probabilities depend solely on the correlation coefficient across the class of elliptically 

symmetric distributions. Computed numbers based on this expression agree with those from the University of 

Michigan calculator. 

Return to the calculator at this link. 

http://resourcetepee.com/commentaries/alternative-truths-the-slag-and-smoke-of-statistics/

